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PROCESSES TO TIIE STUDY OF NONSTEADY FILTRATION 

I N  A C R A C K E D - P O R O U S  S T R A T U M  

R .  G.  I s a e v  UDC 536.70 

Nonsteady f i l t r a t ion  with doubIe p o r o s i t y  is  s tudied on the b a s i s  of the t h e r m o d y n a m i c s  
of i r r e v e r s i b l e  p r o c e s s e s .  We p r e s e n t  the bas ic  d i f fe ren t ia l  hea t -  and m a s s - t r a n s f e r  equa- 
t ions .  

The product ion of p e t r o l e u m  and na tu ra l  gas f rom c r a c k e d - p o r o u s  depos i t  s i t es  is  p r e s e n t l y  of g rea t  
impor t ance  to the nat ional  economy.  As is well  known, such s i t e s  a r e  found in the fo rm of two porous  media ,  
with p o r e s  of va r ious  s i z e s .  One is  a porous  medium in the conventional  sense  of the word ("porous block"),  
while the other can be c l a s s i f i e d  as  a porous  medium in which c r a c k s  function in the ro l e  of the po re  ehan-  
nels ,  with the ro le  of the g r a in s  p layed  by the block of rock .  In this  case  we a r e  thus deal ing with a t h r e e -  
component  the rmodynamic  s y s t e m  whose f i r s t  component  is  the so l id  phase,  while the two other  phases  a r e  
made  up of the l iquid sa tu ra t ing  the space  within the porous  block and the c r a c k  space .  Since the p r e s s u r e  
and t e m p e r a t u r e  of the l iquid within the block and within the c r a c k s  a r e  different ,  t r a n s f e r  p r o c e s s e s  a r i s e  
between the l iquid within the b locks  and the l iquid within the c r a c k s  (a leakage  of l iquid f rom the block to 
the c rack ,  heat  t r a n s f e r ,  e tc . ) ,  which is c h a r a c t e r i s t i c  for  the phenomenon under cons ide ra t ion .  F i l t r a -  
t ion p r o c e s s e s  in p r o d u c e r  rocks  exhibit ing double p o r o s i t y  a re ,  as  we can see,  complex  m a c r o s c o p i c  p r o -  
e e s s e s  involving v i scous  flow, diffusion, heat  t r a n s f e r ,  and the l ike.  

In the following, based  on the t h e r m o d y n a m i c s  of nonequi l ib r ium p r o c e s s e s ,  we inves t iga te  the unique 
f ea tu re s  of the energy  (heat) and m a s s  t ransfe~ involved in f i l t r a t ion  in rocks  with double po ros i t y .  

A s y s t e m  of d i f fe ren t i a l  i n t e r r e l a t e d  m a s s -  and h e a t - t r a n s f e r  equations can be solved in c e r t a i n  spe -  
c i a l  c a s e s  to the ve ry  end. We wil l  a s s u m e  in the formula t ion  of the heat  p r o b l e m  that  the p roduce r  s i te  
(the so l id  component) is  l i n e a r l y  de fo rmab le  (the p o r o s i t y  is  v a r i a b l e  and i ts  va r i a t i on  is i i nea r ly  a s s o c i a t e d  
with the change in p r e s s u r e ) ,  while the l iquid in the b locks  and in the c r a c k s  is  c o m p r e s s i b l e .  Fo r  an ab-  
so lu te ly  r ig id  skele ton (nondeformable) we must  a s s u m e  that  w 1 = 0. 

The the rmodynamic  methods of studying f i l t r a t ion  in a conventional  porous  medium a r e  appl ied  in [1-4], 
etc.  F r o m  among the c i t ed  sou rce s  we must  make spec i a l  r e f e r e n c e  to [2] which gives  the c l a s s i c a l  theory  
of t he rmodynamics  for  i r r e v e r s i b l e  p r o c e s s e s  and in which solut ions  a r e  given for the mos t  impor tan t  p r o b -  
l ems  of nonsteady heat  and m a s s  t r a n s f e r  

Accord ing  to [2, 5], the total  s y s t e m  of hydrodynamic  equations for  mul t icomponent  s y s t e m s  cons i s t s  
of the equations of continuity,  the equations of motion, the equations of energy  and the phenomenologica l  
equations a s soc i a t i ng  the the rmodynamic  flows and fo rces ,  with cons ide ra t ion  given to l imi ta t ions  based  on 
the Cur ie  t h e o r e m .  

Accord ing  to [2, 5], the equation for  the conse rva t ion  of m a t t e r  in the ea se  of the i - t h  component  of 
the mix tu re  can be p r e s e n t e d  in the fo rm 

dp~o p -- div ]~ -I- lij. (1) 
dt 
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The  d i f fe ren t ia l  equat ion (1) is wr i t t en  in a c e n t e r - o f - c e n t e r  m a s s  s y s t e m  and d i f fers  f r o m  the usual  
equat ion of cont inui ty  b e c a u s e  of the p r e s e n c e  of the s o u r c e  of the i - th  componen t .  Fo r  the liquid in the 
p o r o u s  b locks  we obtain f r o m  (1) 

0 (m~p202) + div (rn2p202w) + div ]2 - -  123 = 0, (2) 
Ot 

while fo r  the l iquid s a tu ra t i ng  the c r a c k  space  we have 

0 (rn30363) 
4- div (m39303 w)  -Jr- div ]a 4- 132 = 0. (3) 

at 

F o r  the f i r s t  d e f o r m a b l e  (solid) componen t  we have 

0 (tnipt) + div (m#iw) 4- div ]l ---- 0. (4) 
Ot 

We note that  in (2) and (3) we find the t e r m s  I2a and In2 which r e p r e s e n t  the m a s s  s o u r c e s  for  the c o m -  
ponents  (the second  and th i rd  components )  as  a consequence  of the p r o c e s s e s  o c c u r r i n g  within the i so la ted  
vo lume  (leakage f r o m  the b locks  to the c r a c k s ) .  F o r  this  l eakage  equat ion we can  take the fol lowing l inea r  
re la t ionsh ip :  

I ~  = I =  = a (P2 - -  P3), (5) 

w h e r e  the coef f ic ien t  c~ is e x p r e s s e d  in units  of h /m 2. 

In compi l ing  the equat ions  of mot ion  fo r  the second  and th i rd  componen t s ,  we should take into cons id -  
e ra t ion  the f ic t i t ious  m a s s  f o r c e s  which r e p l a c e  the effect  of v i s c o s i t y  [6]. We a r e  deal ing he re  with the 
fac t  that  even in the s imp le s t  c a s e s  of f i l t r a t ion  we r e q u i r e  in tegra t ion  of the N a v i e r - S t o k e s  equat ions un-  
de r  e x t r e m e l y  c om pl e x  bounda ry  condi t ions ,  and we t h e r e f o r e  r e s o r t  to  such an a r t i f i c i a l  method  when we 
ut i l ize  the E u l e r  equat ions,  with addit ion of the f ic t i t ious  f o r c e  of v i s cous  f r i c t ion  [61. 

The  t e r m  "f ic t i t ious  f o r c e "  is exceedingly  condit ional ,  s ince  f r o m  the t h e r m o d y n a m i c s  viewpoint  it is  
a flow of v e c t o r  in tens i ty  which  is a function,  as  will  be d e m o n s t r a t e d  below, of (w i -  wl).  

Cons ide r ing  the  above,  we de r ive  the equat ions of mot ion:  

p202 dw2 = - -  grad/)2 4- 128 (wa - -  wa) - -  R~ + paFz; (6) 
dt I n  2 

p303 dw3 - -  grad Pa - -  132 (w2 - -  w3) - -  R3  + p3F3" (7) 
dt m a 

The second  t e r m s  in the r i g h t - h a n d  m e m b e r s  of (7) and (6) c h a r a c t e r i z e  the m o m e n t u m  t r a n s f e r  r e su l t ing  
f r o m  the leakage .  

F o r  the d e f o r m a b l e  sol id  componen t  the equation of mot ion  has  the f o r m  

dw, 
- -  div (mill) - -  (P2 grad m 2 + P3 grad m~) = ~ / ? ~  4- plFi. ( 8) 

mtPi dt i=2 

The  second  t e r m  in (8) r e p r e s e n t s  the d ive rgence  f r o m  the s t r e s s  t e n s o r  in the e l a s t i c - d e f o r m a b l e  
sol id  componen t s ,  while  the t h i rd  t e r m  is a s s o c i a t e d  with the va r i a t i on  in the p o r o s i t y  of the b lock (m 2) and 
the p o r o s i t y  of the c r a c k  (ma). Fo r  l i nea r  e las t ic  s t r a i n s  [6] we can a s s u m e  that  

dm 2 ~ ~adP2; din3 ~ ~ d P  a. 

In this  c a s e  the  body f o r c e  in (8)-(6) is the f o r c e  of g r a v i t y .  

The  equat ion fo r  the ba l ance  of the tota l  e n e r g y  for  the componen t s  of the t h e r m o d y n a m i c  s y s t e m  can 
be p r e s e n t e d  in the  fol lowing fo rm:  

fo r  the f i r s t  (solid) componen t  

0 1 2 
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for  the second  componen t  (it is  analogous  fo r  the th i rd  component ) :  

Ot -~w~-l-  ~z +u2/ j + div ~ 2 2 + ~z @uz ) ~ ]  

~- div (m2P2w~) + div (mz02Tz/a) § div]~ 2) q- 6A z + q2i -~ q~ ---~ 0. (10) 

The  th i rd  t e r m s  in (9) and (10) r e p r e s e n t  the componen t s  of the t o t a l - e n e r g y  flux gove rned  by the m e -  
chan ica l  work  p e r f o r m e d  on the componen t s  of the sy s t em;  the four th  t e r m  in (9) and the fifth t e r m  in (10) 
r e p r e s e n t  the t r a n s f e r  of heat  r e su l t i ng  f r o m  the  t e m p e r a t u r e  d i f fe rence  and f r o m  diffusion.  

The quant i t ies  qij c h a r a c t e r i z e  the in tens i ty  of the flow of heat  be tween the componen t s  of the s y s t e m  
if the i r  t e m p e r a t u r e s  a r e  not ident ica l .  Final ly ,  the four th  t e r m  in (10) is  the componen t  of the  t o t a l - e n e r g y  
flux due to the t r a n s f e r  of po ten t ia l  e n e r g y  in the e a s e  of diffusion in the g r a v i t y  field.  

We note that  in (9) and (10) the  quant i ty  6A i denotes  the work  of the f o r c e s  on the ins ide  s u r f a c e s  of 
s epa ra t i on  be tween the l iquid and the so l id  componen t s  in uni ts  of t ime  (SA~ = 5A 2 + 5An), with this  work  
van i sh ing  if the s u r f a c e  of s epa ra t ion  is nonmoving  (the nonde fo rmab le  sol id  component ) .  

P r o c e e d i n g  f r o m  the en t ropy  ba lance  equat ion [2] 

Ops 
= - -  div ],,~ + I~ (11) 

Ot 

and the Hibbs equat ion [2], we have the  fol lowing ba l ance  equat ion for  the f i r s t  componen t :  

4 w (m'ptsi) ---~ - -  div m,p,siw Jr- + -- .grad T, - -  ]t" , T5 grad --T, - -  Fi .( 12) 

F o r  the second  componen t  (and ana logous ly  for  the th i rd  component) :  

c9 (m~o2Ozs2) = - -d iv  m2pzOzS2.W + 
Ot " T2 

T:I Pz'VW-- 1 "](v2"gradT2-- 1 [ ( T ~  _ _  it2 )J  q2 R2(tv2--wi) 
- j , .  r grad--r2 - -  + T2 (13t 

F o r  the en t i re  t h e r m o d y n a m i c  sy s t e m ,  on the b a s i s  of (12) and (13) we have 

(2 ) /2 "' ) 2  2 ' I (  I] 0 - -  [x~j~ 1 . ](i).grad T i - -  ]i" Ti grad ~__L _ F~ 0i mip,0,s, = - -  div mip*0*s~ q- " T, --  ~ "q ~ T, 
, i = l  i ~ l  t ' = l  

3 3 

, ~ ~ t  ([b'/ - -  ~Jt) j_ qt qz qa 1 /.-/ ,. VW_ E i 
q- Ti Ti T e T a Tt ~ - / P  i" V w. (14) 

i ~ 2  ~ = 2  

In the notat ion of (14) the f i r s t  t e r m  in the r i g h t - h a n d  m e m b e r  r e p r e s e n t s  the en t ropy  flux, while the 
r e m a i n i n g  t e r m s  c o r r e s p o n d  to the in tens i ty  of the en t ropy  s o u r c e .  We note  that  the in tens i ty  of the en t ropy  
s o u r c e  is d e t e r m i n e d  by  the heat  conduct ion,  diffusion,  and v i s c o s i t y  phenomena  and is p r e s e n t e d  in b i l inea r  
fo rm,  with one of the f a c t o r s  in each t e r m  a quant i ty  of the flow type,  while  the o ther  f ac to r  c o r r e s p o n d s  to 
the t h e r m o d y n a m i c  f o r c e .  

To c lo se  the s y s t e m  of ba lance  equat ions  and the en t ropy  ba lance ,  we should coo rd ina t e  the t h e r m o -  
dynamic  f lows and f o r c e s ,  be a r i ng  in mind in this  c a s e  the Cur ie  p r i nc ip l e  with r e s p e c t  to the ident i ty  of 
t e n s o r  d imens iona l i t i e s  f o r  f lows and f o r c e s .  

F o r  the sake  of s imp l i c i t y  we will  subsequen t ly  a s s u m e  that  T i = T 2 = T 3 = T; then (14) a s s u m e s  the 
fol lowing fo rm:  

3 

0 ( 2  ) ( ~ I  1 1 ) @7]q.gradT - 1 ~,d],(Tgrad bti Fi) 0---[ mlpiO~s~ = ~ div m~P~ Oisc~ + -T-" jq - -f-lhJi ~ T T 
i ~ l  " =  i = 1  

+ Rz(we--w,) t R3(wa--wO I ( i i + p j ~ P a i ) . . V W "  (15) 
T T T 

H e r e  I is the unit  t e n s o r .  

If we wr i t e  out al l  of the phenomeno log ica !  equat ions ,  the fol lowing r e l a t ionsh ips  will  exis t  be tween 
the phenomeno log i ca l  coef f i c ien t s  of these  equat ions,  in a c c o r d a n c e  with the Onsage r  t h e o r e m :  

Liz = La; Lla ~ L a i ;  L a 2  ~ L 2 3 ,  . . . 
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The  p h e n o m e n o l o g i c a l  equat ions  wil l  be  c o n s t r u c t e d  in the  m a n n e r  of the  fol lowing (for heat  flow): 

gradT (gradth)r Li3 (grad~2)r Li~ (grad~3)r _bLi 5 w z - - w  t - -  +Lie w a w~ (16) ]q = - -  Lu T2 Lt2 T T T T T " 

We note  tha t  if the  f o r c e s  a r e  c o n s e r v a t i v e ,  we m u s t  t ake  into c o n s i d e r a t i o n  

F~ = - -  grad ~ .  

T h e  equat ion  fo r  the di f fus ion f low of the f i r s t  componen t  is  g iven by  

gradT (grad~h)r L2a (grad~t2)r L~ (grad~3)r + L25 w2--wt ;w3--~vi 
] i  = - - L a  Te Lzz T T T " ~ - t -  L2a" (17) 

T 

T h e r e  is  no d i f f icul ty  in de r iv ing  the  equat ions  fo r  the diffusion f lows  J2 and J3. F o r  R 2 (analogously  
f o r  Ra) we have  

Rz = - -  Lm gradT 2 T L5 z (gradT l~l)r L5 3 (gradT/x2)T L5 ~ (gradTt~s)r + L~ 5 W2--T wi + Lm ws - -  wi (18) 
T ' 

whi le  f o r  the  t e n s o r  

Ho _,. L 
T (V~)w 

We see  f r o m  (16) tha t  the  e n e r g y  (heat) t r a n s f e r  p r o c e e d s  both by conduct ion and as  a r e s u l t  of d i f -  
fus ion  (the Dufaud effect)  and as  a r e s u l t  of the ac t ion  of the  " f i c t i t ious"  f o r c e s ,  as  p e r  Zhukovsk i i .  It  fo l -  
lows f r o m  (17) tha t  the  f low of m a s s  of the  c o m p o n e n t  is  g o v e r n e d  not only by the  di f fus ion effect ,  but a l so  
by  the  conduct ion  of hea t  (the Sorer  e f f ec t s ) ,  as  wel l  as  by  the " f i c t i t ious"  f o r c e s .  

What  r e m a i n s  now i s  the  subs t i tu t ion  into (2)-(4), (6)-(8), and (9) and (10) the  va lue s  of the  t h e r m o -  
dynamic  f lows and to  d e r i v e  a c l o s e d  s y s t e m  of d i f f e ren t i a l  equat ions  fo r  the t h e r m o d y n a m i c  s y s t e m .  

To  t h e s e  equat ions  we have  to add the equat ions  of s t a t e  fo r  the component ,  as  wel l  as  the equat ion 
f o r  the  t r a n s f e r .  

We note  tha t  if  in the  a p p r o x i m a t e  p r a c t i c a l  ca lcula t iof i s  we neg lec t  the t e r m s  Lij (i ~ j) and the di f -  
fus ion  of p r e s s u r e ,  Eqs .  (16)-(18) y i e ld  

m~p~v~ 
j q  = - -  ~, grad T; Rz kz (wz - -  w0; 

m]P3'~3 (%-- w0; (19) 
] i  = - -  P tDivp io; R3: ks 

J2 = - -  ozD2VPzo; HU = _ _  ~ (VW)u. 
]3 = ~ P3D~VP3o; 

On the b a s i s  of (19) E q s .  (2)- (4) a s s u m e  the  f o r m  

0 (m2p20z) + div (m29202w) - -  V (PzDzvPz0) - -  I.~3 = 0; 
Ot 

_O0 (m3pa0a) + div (m3p303w) - -  V (93Dsvp30) + 132 = 0; (20) 
Ot 

a 

at 
- -  (m~pt) + div (miptw) - -  V (PtD,vPi0) : 0. 

T h e  equat ions  of mot ion  (6)-(8) a s s u m e  the  f o r m  

pz02 dwz grad Pz -]- 12~'(wz - -  w3) m2P2V2 (we - -  w i )  + 92Fz 
dt k z 

(ana logous ly  fo r  the  t h i rd  componen t ) ,  

dwi - -  div(mfl)  - -  (Pz.grad m 2 -t- P3.grad mz) -- m~P2V2 (w 2 - -  wt) + m~P3"% (21) m,m d--T k ~  k----T-- ( ~ -  w,) + mF,. 
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The equation for the balance for total energy, which follows easily from (9) and (i0), has the form 

l ~ ' ~g') ~ i  div (m,Ilw,) - -  Z,,AT (3A, 0; 0 [mlp t ( l w ~ + u l + ~ t ) ] @ d i v [ m l p  ~ ( - 2 - w , + u ,  4- - -  - -  
at 

0 [ m 2 p 2 o 2 ( l w g + u 2 + ~ 2 ) l + d i v l m 2 p 2 0 2  ( l w g + u 2 ~ - W 2 )  w2]+div(m2P2w2)@div(rn2O~Fjz)--X2AT@6A2=O. 
c?t ' , 

The equations for  the ba lance  of the in t r ins ic  energy  for the components  of the s y s t e m  a r e  v e r y  eas i ly  
der ivable  f r o m  (22) and f r o m  the equation for  the ba lance  of kinetic and potent ia l  energy  density.  

The resul t ing  re la t ionships  should be expanded with the equations of state:  

u2=f2(P2, r); P2=F2(P2, r); 

ua=f3(P 3, T); P3=f3(p3, T); 
3 

with the equation ~ Pi0 = 1 and with the fo rmula  for  the t r a n s f e r  of ma t t e r .  
i=1 

As r ega rds  the d iss ipat ion work, this is eas i ly  calcula ted f r o m  the express ions  for  the energy,  de-  
r ived  through averaging  over  the volume,  i . e . ,  

5A 2 --_ R2wi + p~ c? (m20) 
Ot 

5A3 = R3wt § P~ O (m~03) 
Ot 

For  the nondeformable  solid component  each of these  express ions  van i shes .  

We have thus der ived  a c losed  s y s t e m  of different ia l  i n t e r re l a t ed  equations for  the t r a n s f e r  of m a s s  
and energy  in the ease  of a p r o c e s s  of nonsteady f i l t ra t ion in c r a c k - p o r o u s  l aye r s .  

Pio = mi o ip i /p  
m 2 and m 3 
m I = 1- m 2 - m3; 

@2, 03 

pi(i = 1, 2, 3) 
3 

p = ~ pi; 
i~ l  

Ji =mipi  ~ w) 
wi 

3 

NOTATION 

is the mass eoneentration of the component ( o I = I) (i = I, 2, 3)1 

are the porosities of the blocks and of the crack; 

are the saturation of the porous block and of the crack space with liquid; 

is the density of the component; 

denotes the vec to r  for  the diffusion flow of the component  i (i = 1, 2, 3); 
is the ve loc i ty  vec to r  for  the i - th  component; 

w-- mi ioiwi/Z ~= l I mipi 

I23 

132 
t 

P2 and P3 
Fi(i = 1, 2, 3) 
R i(i= 1,2,3) 
II 

.. " = 1,2,3) 

~;1~1= 1, 2, 3) 

5Ai(i = 1, 2, 3) 

6A 1 = 6A 2 +6A3; 
qi(i = i, 2, 3) 

Js,a 
S 

0 i is the velocity vector for the center of mass of the system; 

is the source for the mass of the second component; 
is the source for the mass of the third component; 

is the time; 

denote the pressures of the liquid contained within the porous block and in the crack; 

is the body-force vector; 

is the Zhukovskii '+fictitious" force vector; 

is the stress tensor in the solid component of the system; 

is the specific potential energy of the component; 

is the heat-flux vector; 

is the work per unit time of the forces at the internal boundaries of separation between 

the liquid and solid components; 

is the intensity of the transfer of heat as a consequence of nonidentical component tem- 

peratures; 
is the entropy flux vector; 

is the specific entropy; 
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I s 

Ti(i = i, 2, 3) 
~i(i = 1, 2, 3) 
Lij 
k 

k 2 and k 3 
~2 and v 3 
Di(i = 1, 2, 3) 
ui(i = 1, 2, 3) 
v 
A 

is the intensi ty of the entropy source;  
is the component t empera ture ;  
is the specific Hibbs function of the i - th  component; 
denote the phenomenological  coefficients;  
is the coeff icient  of the rmal  conductivity; 
denote the permeabi l i ty  of the blocks and c racks  respect ively;  
denote, respect ively ,  the kinematic v iscos i ty  of the liquid in the blocks and in the cracks;  
a re  the diffusion coefficients;  
is the specif ic  intr insic  energy of the component; 
is the Hamiltonian; 
is the Laplace opera tor .  

la 
2. 

3Q 
4. 

5t 
6. 

7. 
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